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Abstract
In this manuscript we study the cosmological constant of a (p + 1)-dimensional
world, which lives in the higher dimensional bulk space. We assume the extra di-
mensions are compact on tori. We consider two cases: positive and negative bulk
cosmological constant. It is pointed out that the tiny cosmological constant of our
world can be obtained by the dynamics of a scalar field and adjusting the parameters
of the model. The cosmological constant of the dual world also will be discussed. We
obtain the Dirac quantization of these cosmological constants.
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1
1 Introduction
From the 4-dimensional point of view it seems that a solution for the problem of the cosmo-
logical constant is practically impossible [1]. Therefore, various attempts have been made
to explain the mystery of the cosmological constant, but no satisfactory solution has been
found yet. In other words, “in the standard framework of low energy physics there appears
to be no natural explanation for vanishing or extreme smallness of the vacuum energy”, as
Witten put it in [2]. Braneworlds (e.g. see [3, 4]) offer new tools that could potentially solve
the cosmological constant problem. The appearance of extra dimensions in the framework of
braneworld systems seems to provide some new ideas to address this problem from a different
point of view (e.g. see [3, 5] and references therein). For reviewing the various problems of
the cosmological constant see [1, 6].
From the other side, a rolling scalar with a nearly flat potential provides another useful
tool for studying the cosmological constant [7]. The potential must be very flat with some
effective continuous variation in order that the vacuum energy be constant.
In this manuscript we consider a Dp-brane in the d-dimensional bulk space, with both
positive and negative bulk cosmological constant, as the general set-up. Generally, this
model is not like the standard braneworld models. Particular emphasis will be put on the
compactification of the d − p − 1 extra dimensions. In our warped model the cosmological
constant of the (p+1)-dimensional universe is not an arbitrary constant. It is calculable
through the moduli of the model. That is, any physical mechanism which defines (stabilizes)
the bulk cosmological constant, brane tension and radii of compactification together with
the dynamics of the metric of the extra space will simultaneously determine the cosmological
constant.
We observe that a scalar field, generated by the metric of the extra part of the bulk space,
generally controls the other parameters of the theory. That is, when the bulk cosmological
constant and the brane tension go to zero and the radius of compactification goes to infinity
when the scalar field goes to infinity the mechanism of vanishing of the cosmological constant
generally turns off.
For matching with the real world, the D3-brane of the type IIB superstring theory will
be emphasized. Therefore, the tiny cosmological constant of the 4-dimensional world is a
consequence of the dynamics of the scalar field and adjusting of the parameters of the theory.
Finally, cosmological constant of the (d− p− 3)-dimensional dual world will be studied.
The cosmological constants of the world and its dual world obey the Dirac quantization.
This paper is organized as follows. In section 2, the cosmological constant of the model
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will be obtained. In section 3, the cosmological constant of the model with positive bulk
cosmological constant will be analyzed. In section 4, the cosmological constant due to the
negative bulk cosmological constant will be studied. In section 5, the cosmological constant
of the dual world will be discussed. Section 6 is devoted for the conclusions.
2 The cosmological constant of the model
Consider a Dp-brane in the d-dimensional spacetime (bulk space). The corresponding action
is given by
S = Sg + SDBI , (1)
where the first term is the d-dimensional gravitational action and the second term is the
Dirac-Born-Infeld (DBI) action corresponding to the Dp-brane. Since the Chern-Simons
action does not contribute to our calculations, we ignore it.
The gravitational action, with the bulk cosmological constant Λd, is
Sg =
1
2κ2d
∫
ddx
√
− detGµν (Rd − 2Λd), (2)
where µ, ν ∈ {0, 1, · · ·, d− 1}. The d-dimensional gravitational constant κd in terms of the
Newton’s constant Gd is κ
2
d = 8piGd. In this action, up to the cosmological constant Λd, we
assumed that the graviton is the only bulk field.
For the Dp-brane the DBI action is
SDBI = −Tp
∫
dp+1ξ
√
− det(gαβ + 2piα′Fαβ) , (3)
where α, β ∈ {0, 1, ···, p}. Here gαβ is the induced metric on the brane and Fαβ is the strength
of the U(1) gauge field living on the brane. Since the brane lives in the d-dimensional
spacetime, its tension has the form
Tp =
√
pi
2(d−10)/4κd
(4pi2α′)(d−2p−4)/4 . (4)
Expansion of the DBI action gives the following terms
S ′DBI = −Tp
∫
dp+1ξ
√
− det gαβ
(
1 +
1
4
(2piα′)2FαβF
αβ + · · ·
)
. (5)
The second term is the Yang-Mills action in the curved background. Therefore, its coef-
ficient defines the Yang-Mills coupling. The first term also will be used in calculating the
cosmological constant.
3
2.1 Compactification of the extra dimensions of the bulk space
In our model the worldvolume of the Dp-brane describes a (p + 1)-dimensional universe.
Thus, the bulk space has the d − p − 1 extra dimensions. Assume that all these directions
are compact on a tori with equal radii R. In addition, let the fields be independent of the
extra coordinates. Furthermore, we assume that all the brane directions are non-compact.
Therefore, by the standard Kaluza-Klein reduction the action (2) reduces to
S ′g =
(2piR)d−p−1
2κ2d
∫
dp+1x
√
− detGαβ e−2φp+1
(
Rp+1 − 2Λd
+4∂αφp+1∂
αφp+1 − 1
4
GmnGpq∂αGmp∂
αGnq − 1
4
GmnF
m
αβF
nαβ
)
, (6)
where the indices m and n run over the compact coordinates, the scalar field is φp+1(x
α) =
−1
4
ln detGmn and F
m
αβ is field strength of the gauge bosons Gmα. As we see, the scalar field
comes from the compactness of the extra dimensions. In addition, φp+1 and Gmn are not
independent fields. We shall see that this scalar field plays an important role in the the
cosmological constant of the (p+ 1)-dimensional world.
Let the brane be along the non-compact coordinates of the bulk space. Thus, the em-
bedding functions are xα(ξ) = ξα, and hence gαβ = Gαβ . Besides, we make the following
field redefinition
G˜αβ = exp
(
− 4
p− 1φp+1
)
Gαβ , (7)
which is the Weyl transformation. The metric G˜αβ is called the Einstein metric. Introducing
the metric (7) into (5) and (6) and summing the resulted actions lead to
S ′ =
∫
dp+1ξ
√
− det G˜αβ
[
(2piR)d−p−1
2κ2d
R˜p+1 − (2piR)
d−p−1
κ2d
Λd exp
(
4
p− 1φp+1
)
−Tp exp
(
2(p+ 1)
p− 1 φp+1
)
+
(2piR)d−p−1
2κ2d
exp
(
4
p− 1φp+1
)
×
(
4∂αφp+1∂
αφp+1 − 1
4
GmnGpq∂αGmp∂
αGnq − 1
4
GmnF
m
αβF
nαβ
)
+ · · ·
]
, (8)
where R˜p+1 is the scalar curvature corresponding to the metric G˜αβ .
The first three terms of this action have the feature of the action (2). Thus, it enables
us to read the constants. The first term defines the gravitational coupling of the (p + 1)-
dimensional world
κ2p+1 = (2piR)
p+1−dκ2d. (9)
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Since κ2 = 8piGNewton, the Newton’s coupling constants find the relation
Gp+1 = (2piR)
p+1−dGd. (10)
In the same way, the second and the third terms give the cosmological constant of the
(p+ 1)-dimensional world, i.e. Λ
(d)
p+1,
Λ
(d)
p+1 = Λ
(d)
bulk + Λ¯
(d)
p+1,
Λ
(d)
bulk = Λd exp
(
4
p− 1φp+1
)
,
Λ¯
(d)
p+1 = 8piGp+1Tp exp
(
2(p+ 1)
p− 1 φp+1
)
. (11)
The term Λ
(d)
bulk is the cosmological constant due to the bulk space, and Λ¯
(d)
p+1 originates from
the Dp-brane. Since φp+1 is a dynamical field, the phrase “cosmological potential” for Λ
(d)
p+1
is more suitable, but we use the common phrase “cosmological constant”.
The compactification influences both components of the cosmological constant. The
effects of the compact part of the bulk space are given by φp+1, and the radius R through
the equation (10).
The cosmological constant Λ
(d)
p+1 depends on the parameters Λd, R and Tp. Thus, by
adjusting these parameters, the shape of the potential Λ
(d)
p+1(φp+1) will be fixed. Then, the
dynamical property of φp+1 enables us to receive the desired value of Λ
(d)
p+1.
The vacuum energy density of the (p+ 1)-dimensional world is as in the following
ρp+1 = ρd(2piR)
d−p−1 exp
(
4
p− 1φp+1
)
+ Tp exp
(
2(p+ 1)
p− 1 φp+1
)
,
ρp+1 ≡
Λ
(d)
p+1
8piGp+1
, ρd ≡ Λd
8piGd
, (12)
where ρd is the vacuum energy density of the bulk space. We observe that the vacuum
energy of the world is not sum of the vacuum energies of the brane and bulk. In addition,
finiteness of the vacuum energy density of the world implies that the extra dimensions have
to be compact. In other words, the radius R cannot go to infinity.
3 Cosmological constant due to Λd > 0
We observe that for the positive Λd, the world cosmological constant Λ
(d)
p+1 always is a positive
quantity. In other words, positivity of Λd gives a continues form to Λ
(d)
p+1, from zero to infinity,
which are corresponding to φp+1 = −∞ and φp+1 = +∞, respectively.
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For sufficiently small Λd and large extra dimensions, when φp+1 has its small values, the
cosmological constant is small and positive. The other interesting case is as follows. For any
values of the parameters, when φp+1 → −∞ the cosmological constant, from the positive
side, goes to zero.
Now consider Λd −→ 0. Therefore, when the radius of compactification goes to infinity
and the scalar field is at infinity the mechanism of vanishing of the cosmological constant
generally turns off.
3.1 Four-dimensional universe
The Dp-branes of the superstring theory, i.e. d = 10, give
Λ
(10)
p+1 = Λ10 exp
(
4
p− 1φp+1
)
+
gs
8pi2α′
(√
α′
R
)9−p
exp
(
2(p+ 1)
p− 1 φp+1
)
, (13)
where κ210 = 8piG10 =
1
2
(2pi)7g2sα
′4 has been used.
As an interesting example, for the D3-brane of the type IIB superstring theory the
corresponding cosmological constant is
Λ
(10)
4 = Λ10e
2φ4 +
gsα
′2
8pi2R6
e4φ4 . (14)
For an appropriate value of φ4, i.e. φ4 = φ0, this should match with the observed cosmological
constant of our 4-dimensional world. That is, Λ
(10)
4 (φ0) should be positive and small. This
is done by adjusting the moduli Λ10, gs, R and φ0. In other words, the dynamical property
of φ4 provides a dynamical mechanism for adjusting the cosmological constant to an almost
zero value. Therefore, in the present time, the universe is in the one of the following regime:
1) φ4 → φ0 = −∞ and the parameters Λ10, R and gs are arbitrary and finite; 2) φ4 → φ0 = 0
and Λ10 is small and R is large.
4 Cosmological constant due to Λd < 0
Let the cosmological constant of the bulk space be negative. Therefore, the minimum of the
potential (11) takes place at φp+1(ξ
α) = ϕp+1, where
e2ϕp+1 = − Λd
4(p+ 1)piGp+1Tp
. (15)
The minimum of the potential is given by
Λ
(d)
p+1(ϕp+1) = 4pi(1− p)Gp+1Tp exp
(
2(p+ 1)
p− 1 ϕp+1
)
. (16)
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For p ≥ 2 this always is nonzero and negative. The ratio of the bulk and brane contributions
to (16) is
∣∣∣∣Λ
(d)
bulk
Λ¯
(d)
p+1
∣∣∣∣
φp+1=ϕp+1
=
1
2
(p+ 1). (17)
This shows that for p ≥ 2 the bulk contribution is greater than the brane contribution.
The potential (11) at φ¯p+1 vanishes, where
φ¯p+1 = ϕp+1 +
1
2
ln(
p + 1
2
). (18)
This leads to the following form for the potential
Λ
(d)
p+1(φp+1) =
8piGdTp
(2piR)d−p−1
exp
(
4
p− 1φp+1
)(
e2φp+1 − e2φ¯p+1
)
. (19)
Therefore, negativity of Λd leads to a continues form, from negative to positive values for
the cosmological constant of the (p + 1)-dimensional world. In fact, the dynamics of φp+1
rolls it toward ϕp+1 and the parameters in the pre-factor of (19) adjust the rapidity of this
rolling.
According to (4) the potential (19) depends on
√
Gd. However, the large values of φp+1
generally control small Gd and large radius of compactification R. Thus, the mechanism of
vanishing of Λ
(d)
p+1(φp+1) through the variables Gd and R generally can turn off by φp+1.
4.1 Four-dimensional universe
Look at the D3-brane of the type IIB superstring theory in the regime Λ10 < 0. According
to the equation (19) the cosmological potential of the 4-dimensional world can be written as
Λ
(10)
4 (φ4) =
gsα
′2
8pi2R6
e2φ4(e2φ4 − e2φ¯4). (20)
Since the observed value of the cosmological constant of the 4-dimensional world is positive,
the scalar field φ4 of the today’s universe is away from φ¯4. In other words, we have φ4|present >
φ¯4. After this, we receive φ4 = φ¯4 with Λ
(10)
4 = 0. Then, φ4 will go toward ϕ4 with negative
cosmological constant. Finally, the universe will obtain the following minimum
Λ
(10)
4 (ϕ4) = −
gsα
′2
8pi2R6
e4ϕ4 . (21)
Since ϕ4 is the stable point, the final cosmological constant of the universe will be negative.
As discussed by Weinberg [8], a large negative cosmological constant forces the universe
to collapse rapidly. In the same way, a large positive cosmological constant causes all matters
in the universe to disperse. These inspire that the factor gsα
′2
8pi2R6
should sufficiently be small
to dominate on the φ4-part of the equation (20).
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5 The cosmological constant of the dual world
Introducing (4) and (10) into (11) leads to
Λ
(d)
p+1 = Λd exp
(
4
p− 1φp+1
)
+
81−d/4
pid/2
√
Gd α
′(d−2p−4)/4Rp+1−d exp
(
2(p+ 1)
p− 1 φp+1
)
. (22)
This form of the cosmological constant explicitly reveals the adjustable parameters Λd, Gd,
d, p and R and also dynamical variable φp+1.
Now let Dp′-brane, with p′ = d − p− 4, be dual of the Dp-brane. Assume that the Dp′-
brane also is non-compact. This implies that the dual brane lives in another d-dimensional
bulk space with d − p′ − 1 = p + 3 compact directions. According to the number of the
compact directions, the bulk spaces should be different. The cosmological constant of the
dual world, for both cases Λd > 0 and Λd < 0, is given by (22) with p −→ p′ = d− p− 4,
Λ
(d)
p′+1 = Λd exp
(
4
d− p− 5φp′+1
)
+
81−d/4
pid/2
√
Gd
1
α′(d−2p−4)/4
1
Rp+3
exp
(
2(d− p− 3)
d− p− 5 φp′+1
)
.(23)
For the self-dual brane, i.e. p = p′ = d/2− 2, both systems are the same. Therefore, the
cosmological constants (22) and (23) reduce to
Λ
(d)
p+1 = Λd exp
(
8
d− 6φp+1
)
+
81−d/4
pid/2
√
Gd
1
Rd/2+1
exp
(
2(d− 2)
d− 6 φp+1
)
. (24)
This depends on the string coupling gs and string length scale α
′ through Gd. For example,
for d = 10 we have G10 = 8pi
6g2sα
′4.
5.1 Dirac quantization of the cosmological constants for the case
Λd < 0
For the R-R charges µp and µp′ corresponding to the Dp-brane and its dual brane, there is
the Dirac quantization
µpµp′ =
npi
κ2d
, (25)
for some integer n. The charge µp is related to the Dp-brane tension by µp = gsTp. Thus,
according to (19) the product of Λ
(d)
p+1 and Λ
(d)
p′+1 is a quantized quantity
Λ
(d)
p+1Λ
(d)
p′+1 = n
8pi2Gd
g2s(2piR)
d+2
exp
(
4
p− 1φp+1 +
4
p′ − 1φp′+1
)(
e2φp+1 − e2φ¯p+1
)(
e2φp′+1 − e2φ¯p′+1
)
.(26)
In the language of energy density, this expression can be interpreted as the quantization of
vacuum energy density of each world in terms of the unit vacuum energy density of its dual
world.
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6 Conclusions and summary
We derived the effective cosmological constant for a (p + 1)-dimensional world which lives
in the d-dimensional partially compact bulk space. We observed that finiteness of the vac-
uum energy density also imposes the compactness of the extra dimensions. The effects of
the compactification on the bulk and brane components of the cosmological constant are
different. For the large extra dimensions the brane-component goes to zero.
Since we used the Einstein’s frame, a scalar field extracted from the compactification,
appeared in the cosmological constant. By adjusting the parameters of the model, the cos-
mological constant through the dynamics of this scalar field, goes to the demanded value. For
example, the large values of the above scalar field dominate and hence a nonzero cosmological
constant will be obtained.
For the positive bulk cosmological constant Λd, the cosmological constant of the (p+1)-
dimensional world is always positive. In this case, when the scalar field is in −∞, we obtain
Λ
(d)
p+1 → 0+. For the negative Λd, the cosmological constant continuously changes from the
positive values to the negative values with a negative minimum as a stable point. Therefore,
in some points it is positive and very small. In a special point it also vanishes.
We observe that for Λd < 0 the cosmological constants of the universe and the dual
universe obey the Dirac quantization. In fact, this kind of quantization is incorporated with
the energy quantization.
As an interesting example, for the D3-brane of the type IIB theory, the dynamics of φ4
enables us to obtain a tiny cosmological constant of our world for both cases Λ10 > 0 and
Λ10 < 0. Adjusting the parameters helps us to modify the rapidity of the rolling scalar φ4.
However, there exists a solution Λ
(10)
4 = 0 only for the negative Λ10. When the factor
gsα′2
8pi2R6
is very small, rapid collapse and rapid dispersion do not take place in the universe.
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